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Abstract—This numerical study deals with the phenomenon of a diffusion flame on a vertical plate burner
with methane injection. The unsteady governing conservation equations along with an exponential wide-
band model for gas radiation and an infinite reaction rate model for combustion are solved by finite-
difference calculations. The numerical results are then compared with those of both the local non-similarity
boundary-layer solution and the experimental data obtained in a previous study. It is shown that the finite-
difference calculations produce results in better agreement with the experimental data in the region outside
the flame sheet.

NOMENCLATURE

X location of x at edge of computation

C, U (R To): domain [cm];
Cpr mixture specific heat [J K™ g™ ']; ¥, mass concentration ;
D, mass diffusion cocflicient [em?s™!]; Y. YI{M" = )]s
F, giyut, ¥ coordinate along the plate [em].
4. gravitational acceleration [em s™2];
H, reference length [em]; Greek symbols
h, cnthalpy of gas mixture {J g™']; At time step [s]:
1.J,  cellindices; Ax, cell step size in x-direction [em];
J, diffusive mass flux [gs™ ! em™2]; Ay, cell step size in y-direction [em];
k, mixture thermal conductivity o, = (Yo = Yor)Qcr

[Js'em 'K '] i mixture dynamic viscosity [gs™!em™!]
M, molecular weight {g mol™']; v, stoichiometric coefficient of reactant;
M™,  volumctric mass gencration rate v, stoichiometric cocfficient of product;

[gs Pem™°]; i3 mixture density [gem™?];
N, a?‘;/(;;nchURTR); a, Stefan-Boltzmann constant
Pr, Prandtl number ; [Js™'em?K™*];
p. pressure [atm.]; t, stress tensor [gem™ 2],
0, heat of combustion [Jg™' mol™'];
o, volumetric heat generation rate Subscripts

[Js7'em™3); G CO,;
Qe Qe TR): E, equilibrium condition ;
Q. conductive heat flux [Js™'em™2]; F, fuel;
4z total radiative flux [Js™'em™2]; H, H,0;
R, gas constant [Jg™ ' K™']; N, N,:
Se, Schmidt number; O, 0O,:
T, absolute temperature [K]: P, product of combustion;
1 time [s]; R. reference conditions;
U reference velocity [ems™']; w, wall conditions;
u v, velocity components of gas mixture in the X, x-components;

x, y dircctions, respectively [ems™']; y y-components;
W, (Y = Yo + Yo o)Qcr; 1 specics.
X, coordinate normal to plate {cm]; _

Superscripts
* Present address: Shell Development Company, Houston, x species ;
Texas, USA. R dimensionless guantities.
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INTRODUCTION

In a RECENT study [1] on a diffusion flame adjacent to
a vertical flat plate burner, the flow, temperature and
species concentration fields, including the effects of 1-
dim. surface and gaseous radiation, were calculated on
the basis of a local non-similarity solution to the
governing equations and compared with experimental
data obtained with a Mach-Zehnder interferometer.
The analytical results show satisfactory agreement
with the observed data in terms of the temperature
variations within the flame, the peak temperature
resulting from the combustion process, and the fuel
surface heat transfer, but underestimate the overall
boundary-layer thickness. It has been postulated that
this latter discrepancy is primarily a result of the
development of the thermal boundary-layer formed
below the porous burner plate leading edge in the
experimental situation. While the validity of this
postulate is not beyond question, the upstream ther-
mal boundary-layer does exist nevertheless, as can be
clearly seen in a typical interferogram shown in Fig. 1.
In order to more adequately describe the far fields
away from the flame sheet and the interaction of the
flame layer with the thermal ficld below the porous
burner, the boundary-fayer assumptions and the local
non-similarity solution which posscsses a singularity
at the burner leading edge must be discarded in favor of
the sct of complete governing differential equations
and their solutions for the same diffusion flame
problem. In the present study, such a solution based on
finite-difference calculations of the governing clliptic
field equations has been obtained. The effects of
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FiG. 1. Interferogram of methane diffusion flame.
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variable properties and 1-dim. surface and gaseous
radiation are also retained in view of their significance
in the diffusion flame problem [1].

Another important objective of the elliptic field
calculations here is to demonstrate the methodology of
such calculations as applied to predominantly
boundary-layer type of phenomena. There are many
such phenomena in nature as well as in practical
applications where the boundary-layer assumptions
are only valid in certain regions of the flow and
consequently the corresponding boundary-layer sol-
utions do not adequately describe the overall fields
that are of interest. The eiliptic field calculations as
utilized in the present study will help to fill this gap in
the solution methodologies that are currently available
to us.

Finally, it should also be pointed out that while
elliptic-field. finite-difference calculations are not new,
the present solution is by no means trivial in view of the
inclusion of species concentration, variable properties
and non-gray gascous radiation.

THE GOVERNING EQUATIONS

The problem under consideration here deals with a
steady laminar diffusion flame adjacent to a vertical
porous plate, through which methane is injected. More
detaifs of the physical situation are given in [1]. The
coordinate system utilized in this study is shown in Fig.
2. It is seen that the caleulation field is divided into
three separate regions. Region | lies below the burner
leading edge, Region I includes the boundary-layer
region next to the porous plate, and Region H s above
the trailing edge of the burner. The governing equa-
tions for the entire ficld of calculations are given as
follows:

Perfect-gas law for the gus mixture

p = pRT (1)
Conservation equation for the total mass
M0 R
—+ —(pu) + —(pr)=0 (2)
ot Ox cy

Chemical reaction equation for burning methane
vi (CHL) + v5,(0,) + v, (3.74N,) + v (H,0)

+ v (CO,) = v (CHY) + v (O,) + v (3 74N,)

+ Vi (H;0) + v (CO,) + Q 3)
where Q is the heat of combustion [2] and the
stoichiometric constants are
vie=1,vo=2,v; =0,vi =0, =0,

vy =0,vj; = 2,and v¢ = 1.

It is noted here that the reaction rate is taken to be
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infinite and that there are five gas species: CH,, O,,
N,. CO,. and H,0.

Conservation equations for individual gas species

< (p) )+ (pu} )+—(p1) )

_ cdy

x Cy

+ M (@)

where a refers to a gas species. For convenience, only
three of these equations will be utilized for methane,
oxygen and the combined combustion products of

H,0 and CO,. The mass concentration for N, is
simply given by
Ya=1-Y,=Yo—VY, (5)

and Y, is defined by

Yo=Yy + Yo

Conservation equations for momentum

( ( é () + f’( i
& o) + - (pu’) o pur)

—t 4 5 (6)

¢ é ¢,
5 Pe) + s pue) + oy (pre)
_ _f{p- ‘r, 1y,
R
where the subscript E refers to hydrostatic equilibrium
conditions.

Conservation equation for energy

o & ¢
(ph) + 537 (puhy + & (prh)

—_"‘l- ‘:,‘L‘_‘E‘L
TTERTH +0" ()

where i is the enthalpy of the gas mixture defined by

r
h =f ¢, dT ¢, = Z Y, 9)
. .
and the radiation flux gy is taken to be 1-dim. Also it is
noted that in equation (8) viscous dissipation and
pressure work are both neglected.

The mass, momentum and heat fluxes in the above
equations can be described as

J'=—D(.)’ 3 =—D‘-L

(10

5 Cu fu v
=2 t.,.=71T, =l + =
xx x Xy yx l ¢ _". (ﬂ‘\_

cr
T, = 2u <(,—‘) (rn

MMT 25:6 - |
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cT cT
* éx % k cy (12)

respectively, and u and k are respectively the mixture
dynamic viscosity and thermal conductivity evaluated
in accordance with [3-5].

It is noted here that all governing conservation
equations are for unsteady flows for expediency in the
numerical calculations, even though only steady re-
sults are sought. As a result, initial conditions are
needed to initiate the computations. In the present
study. results from the local similarity solution [1] are
used for Region Il (Fig. 2). In Region I, the initial
conditions are given by the values at the lowest row in
Region I1. and similarly for Region III. values at the
highest row in Region Il are taken to be the initial
conditions. Also, velocity components v are arbitrarily
doubled with respect to their original values from the
analytical results to enhance the convergence process.

The extent of the physical computation domain in
the x-direction, xg. is chosen such that variables at this
boundary (Fig. 2) can be considered to be those
corresponding to the undisturbed condition. In this
study, xg is st approx. 20 times the thickness of the
flame region, which varies between 2 and 4 mm. At
x = xg (all Regions)

T = Ty
Yu=VYe=Y., =0 Y, =023,

Yy = 0.768, (13)
cu v
.=, =0 p = latm.
oy Ox

The gas velocity gradients or the natural boundary
conditions are utilized here as sufficient conditions for
the undisturbed region. In Region I, the pure
boundary-layer flow develops along the insulated plate
without fuel injection and chemical reaction. The
temperatures on the wall can be set either at the
ambient condition or with the measured values. On the
wall for this region at x = ), we have

T=Tg or T=Tyy)

u =Yy=Y:=0

Yy Yy
- =-— =0, p="latm.
X X

il
H

e

-
|

(14)

Boundary conditions at x
written as

= 0 for Region 11 may be

T

T.¥) (measured), )

u = u, (constant), v =0,

I

(t =Y )=——D(
(1)

, Yo
u, (1 - Y,,)= —D( < )
o
‘EY
Yo=0 (F'\-N =0, p=1atm J
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In Region 111 no fuel injection occurs at the insulated
wall. but the combustion process still continues. The
surface temperatures can either be the measured values
or cakulated from the condition that the sum of
radiative and conduction fluxes is zero. The cor-

responding conditions at x = 0 are
T=TJy) or Gg+4-.=0
u=1r=0, {16)
‘.Y “yr ‘EY
L_ ¥ x(:-:}“q =(. L4 =, p= 1atm.
x ‘x Cx
At the lower boundary of Region I y = 0, the
boundary conditions are
T=Tg or T =Tux) (measured).
‘u o Cr
= =1 {17
v ¢y
Ye=Ye=0, Y,=0232 Y, =0768

p = latm

Note that the natural boundary conditions for the flow
are again uttlized here. At the top of Region 11, the
boundary conditions there are

T e
=0 fore>0 or T=T, for r €0,
l'.\'
fu Or cyY, Y Y,
L= =0 = Y= w‘:(), (18)
Sy Oy &y iy oy
p = tatm

Among the five gas species in the diffusion plane,
only H,0, CO, and CH, absorb and emit thermal
energy. The contribution to the total radiative flux
from cach gas band under non-homogencous con-
ditions is evaluated in the present study on the basis of
the exponential wide-bund model {6, 7] and the scaling
approximation for radiation parameters {8,9]. How-
ever, only l-dim. gas radiation flux is considered.
Detailed formuiation for the radiation flux term in the
energy equation (8) covering both individual and
overlapping bands is given in [t, 10}, and hence will
not be repeated here. As mentioned previously, the
reaction rates in the methane diffusion flame are taken
to be infinite, and therefore the thickness of the flame
sheet becomes infinitesimal, and stoichiometric con-
ditions prevail. In addition, the species mass pro-
duction rate M7 in equation (4) and the heat gene-
ration quantity ¢'” in equation (8) are related to each
other as follows:

MY

Mulve = Vo)

My
M, vy — vi)

Q::

A’I;’ _o”
MO v Q

where M, is the molecular weight of species a.
For convenience, the governing differential equa-

(19
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tions may now be cast into dimensionless forms, as
given in the following [10]:

Cp = pRT — e-iCFw, (20)
L A
= + = {pu) + (.T;‘(Pl’) =0, 21
¢
5;(/) ) + (quF) + (pt W)
ef/a\ew:] ¢ W
-m[<&‘) &x :}+5}[(Sc) 9y } (22)
'8
—-.(p” SR (;saw,,) + ,(,n*w,,)
¢ W, K\ Wy
= e 23
&) T ()5 e
¢
5?("") + (pa?z) + “:{f’!lf)
R ¥ ae
= - %’—i+ Sl ‘f’i’. (24)
X X cy
a
;.(lgu} + -~-{;7£7:*) + —_(;3! %)
Pﬁ | S T R
ST TEN T e @
o o &
1;(;)“) {‘\;‘ (.c')!l(l’) + (%f(f”())
AN a7 dqn
=-~- LA e =il V=] = Ng—=, (26
{(I ) }.{-{‘f Prjoy LT (26)
where
. X ¥ u
N = - v = — t‘:: —
NTARE A Us
N T . p
“_U:‘ 0F —a' T—Tn‘ r= -
3 = ...:..-’ s ¥, = ——m
mUz 2Ry Ty
T 4 A
cp=) Yh, ¢ epdT, ¢ = —,
=TV & _TRL‘,,
. M,
‘7P=‘T'P“' -~-Z x“l_""
Cpn RR A’I A{ﬂ
W,=(Y,~ Yo+ Y5.)0cr
h= (Yo - Yor)Qc.1
. Y h Q
P e 2 h = . - N
Y M vy = v T Qer cm Ty
3 :gﬁf = 7 = # { = i
Pr a Se¢ D i U T PRIz
% __ o
W = m’ R rUrCer T '
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Fi1G. 2. Coordinate system and computation domain.

The boundary conditions can be similarly treated. The
subscript R in the above equations refers to a reference
condition, which can be arbitrarily chosen. Further-
more, in view of the presence of the local ¢, the Prandtl
number Pris also taken to be local.

I

2

FINITE-DIFFERENCE CALCULATIONS

The formation of the finite-difference equations is
based on the control-volume scheme with upwind
differencing for the convection terms, the calculation
procedure involves the use of staggered cells for the two
velocity components and a modified pressure cor-
rection scheme is used to satisfy the mass continuity to
accommodate the boundary-layer behaviors [10, 11].
There has been much controversy regarding the ac-
curacy of the upwind difference calculations in the
recent literature [11]. In the present study, the maxi-
mum cell Peclet number is of the order of 10, and the
upwind-differencing scheme is expected to be quite
adequate. Furthermore, since the velocity vector is
essentially all in the positive y direction, the effect of
artificial diffusion should not be serious. Fig. 3 shows
the cell dimensions in the computational domain;
together with the overall physical dimensions cor-
responding to the experimental configurations [1].
The step size Ay is taken to be a constant of | mm, and
Ax varies from 0.3 mm in the wall region to 2 mm at [
= NI. More specifically, there are 10 cells from the
wall to the flame sheet and Ax is increased uniformly to
approx. 3 mm at the flame sheet location. 1t is further
increased by 109 each step until Ax = 2 Ay, or 2mm.
Thereafter, Ax is kept at 2 mm until [ reaches 42. The
thickness of the thermal boundary-layer is about
0.9-1.1 cm. The present choice of the cell structure in
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FiG. 3. Cell dimensions in computation domain.
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the computation domain leads to a value of x; about
four times that of the thermal boundary-layer, thus
insuring the adequacy of the undisturbed conditions at
x = xg. A time step of Af = 0005 is utilized
throughout the calculations.

All properties including the specific heat of the gas
mixture and the radiative heat flux and its derivative
are evaluated at the old time step. The sequence of
calculations is as follows: the energy equation is first
solved, followed by the solutions to the two species
equations. Then the density of the mixture is evaluated
from the equation of state. From here, the two velocity
components and the pressure can be solved from the
two momentum equations and the pressure correction
equation through an iterative calculation. Details of
the flow chart, error control routine, and sweeping
schemes for handling the tridiagonal matrices are
given in [10].

RESULTS AND DISCUSSION

The burning porous platc used in theexperiment [ 1]
was held in position by insulated materials around its
edges, and then it was squeezed into an outer frame,
With the diffusion flame adjacent to the vertical porous
surface, the thermal boundary-layer did not begin to
develop from the bottom edge of the burning plate, but
rather started its development from the bottom of the
frame, as can be scen in Fig, 1. It is interesting to
determine the quantitative effect of the preheated air
flow upstream of the burning plate, and this can only
be done with the elliptic ficld caleulations in the
present study. The temperature profile was measured
along y = 0, and has been used us the horizontal free
boundary condition for Region 1. The following
observation can be made from the numerical results for
the case of a methane flow rate of 140 1 min ™', and an
injection speed of 0.6 cm s ™2 Before the flow reaches
the porous plate, the air boundary-layer is already
6 mm thick. In the combustion Region [ at the vertical
position of 3y = 1.05c¢m; the temperature at x =
0.369 cm is 30 K above the temperature according to
the boundary-layer calculations, and the thermal
boundary thickness is already 6.5 mm as compared to
37mm for the bounduary-layer solution case. This
augmentation of the thermal boundary-{ayer thickness
then decreases until y = 3.25 em, beyond which the
cffect of the preheated air layer at y = 0 becomes
insignificant. At this point and beyond, the heat
transfer process is completely dominated by the high
flame temperature and the effect of mass diffusion
resulting from the combustion process.

For the same experimental case, temperature pro-
files from the present clliptic field calculations can now
be compared to those from the local non-similarity
solution and the experimental data {1]. These com-
parisons are shown in Fig. 4for y = 2.35cmand Fig. 5
for y = 3.2cm. In general, the finite-difference caleu-
lations give better predictions of the temperature fields
outside the flame sheet, Since both stations lic in the

V. K. Lit, K. T. Yanc and J. R. LLoyD

region where the effect of the preheated air layer can
still be felt, part of the reason is that this effect is taken
into account in the finite-difference calculations. There
is, however, also an indication that this effect is not
fully accommodated even in the finite-difference calcu-
lations. As seen in Fig. S, the finite-difference results
compare much better with the experimental data at
this higher y-value of 3.2cm where the preheated air
layer effect is reduced almost to insignificance.

In the region inside the flame sheet at both levels of y,
where the effect of preheated air layer is not expected to
be important, neither the finite-difference calculations
nor the local non-similarity solution has any particular
advantage, when their results are compared to the
experimental data. One exception is the prediction of
the peak temperature, for which the local non-
similarity solution is decidedly better. In this region,
the finite-difference solution suffers from the fact that
very fine values of Ax must be used for accuracy due to
the large gradients there, while the local non-similarity
solution as represented by the two-equation model also
has obvious deficiencies, especially in situations where
deviations from the similarity solution are large.
Another difficulty encountered here is that the experi-
mental data evidently indicate that there is a non-
zero flame sheet thickness even for the methane
diffusion flame, contrary to that in the mathematical
formulation of the present problem. Therefore, a more
refined analysis taking into account finite reaction
rates in the combustion process is needed before the
relative merits of the two solutions can be determined
for calculations inside the flame sheet.
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Finally, it is also noteworthy that the present study
demonstrates the applicability of elliptic field or finite-
difference calculations, which are normatly utilized in
recirculating or complex flow problems, even to
boundary-layer problems. The chief advantage here is
that deviations from any basic boundary-layer prob-
lem can be readily accommodated by such calcu-
lations. Good examples are high-order boundary-
layer effects and problems involving boundary-layer
types of singularities. It isin this sense that elliptic ficld
or finite-difference calculations can be regarded as a
unified tool for convection problems.

CONCLUSIONS

This numerical study deals with the phenomenon of
a diffusion flame on a vertical plate burner with
methane injection. The unsteady elliptic governing
conservation equations along with an exponential
wide-band model for gas radiation and an infinite
reaction rate model for combustion are solved by an
upwind finite-difference method utilizing staggered
cells, pressure correction and a non-unifoim cell
structure in the computation domain. The results are
compared with those of both the local non-similarity
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boundary-layer solution and the experimental data
obtained in a previous study. The numerical results
demonstrate that the thermal boundary-layer thick-
nesses are affected by the preheated air layer below the
burning plate leading edge. However, the effect is
essentially limited to the lower half of the porous plate.
The finite-difference calculations also predict the tem-
perature field outside the flame sheet better than the
boundary-layer solution. This advantage vanishes in
the region between the flame sheet and the wall. In this
same region both methods of solution underestimate
the temperature, and this is mainly due to the fact that
the experimental data show a non-zero thickness for the
flame sheet. Finally, the present study also demon-
strates the applicability of the elliptic field calculation
method to boundary-layer problems, thus broadening
the scope of application of this method to all con-
vection problems.
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CALCUL DU CHAMP ELLIPTIQUE D'UNE FLAMME LAMINAIRE DE DIFFUSION
ADJACENTE A UN BRULEUR PLAN ET VERTICAL

Reésume—Cette étude numeérique porte sur le phénomene de diffusion de la flamme sur un brileur plan

vertical avec injection de méthane. Les équations de conservation instationnaire sont résolues par différences

finies pour un modéle de rayonnement de gaz exponentiel d large bande et un modeéle de vitesse de réaction

infinie. Les résultats numériques sont comparés 4 ceux de la couche limite 4 non similarité locale, et aux

données expérimentales d'une étude précédente. On montre que les calculs aux différences finies donnent des

résultats en meilleur accord avec les données expérimentales dans la région externe de la couverture de
flamme.

BERECHNUNG DES ELLIPTISCHEN FELDES EINER LAMINAREN DIFFUSIONSFLAMME
AN EINEM SENKRECHTEN PLATTENBRENNER

Zusammenfassung—Diese numerische Untersuchung behandelt die Vorginge in einer Difflusionsflamme an
einem senkrechten Plattenbrenner mit Methaneinspritzung. Die instationdren Erhaltungsgleichungen
werden gemeinsam mit einem exponentiellen Breitbandmodell fiir die Gasstrahlung und einem infiniten
Reaktionsmodell fiir die Verbrennung nach einem endlichen Differenzenverfahren gelost. Die numerischen
Ergebnisse werden dann sowohl mit den Werten der ortlich nicht-dhnlichen GrenzschichtlGsung als auch mit
experimentellen Ergebnissen verglichen, die aus vorhergehenden Untersuchungen gewonnen wurden. Es
wird gezeigt, daB die Berechnungen nach dem endlichen Differenzenverfahren Werte ergeben, die im Gebiet
aulerhalb des Flammenbereiches besser mit den experimentellen Ergebnissen iibereinstimmen.

PACYET JUTMNTHYECKOr O NoaA JAMHUHAPHOIO AUOPYIUOHHOIO MJIAMEHHU
I'OPEJIKH, BbIMOJHEHHOA B BUJAE BEPTUKAJIbHON IMJIOCKON MAACTHUHbLI

Annotauns — [MposeacHO YHCIEHHOE HCCNCA0BANKE TAMHHAPHOIO NG YIMOHHOTO IIAMEHK y Bep-
TUKUILHOR MIIOCKOR TropesikK npH nosade B Hee MeTana. HecTaunonapuuic OcHOBHEIC ypaBHCHHA
COXPUHCHHA JUIR IKCNOHCHIHAMBLHON IIHPOKONONOCHOR MOZCAH HIAYHCHHA Fasta M GeckoHeuHoR cko-
POCTH PCAKIHH B CIy¥ac FOPCHHA PCLIAIOTCR METOLOM KOHCHHLIX PalHOCTCH. HucileHuuic perynnrarst
JATCM CPABHHBAIOTCR C PC3YbTATAMH JIOKAJLHOTO PCIUCHAR IR HCABTOMO/ICALHOIO MOIPAIHYHONO
C/IOR H € IXCNEPUMEHTANBHBIMH BAHHLIMH PaHEe MPOBEACHHOTO HeceaoBanuA. [Tokalano, YTO pacuerst
MCTO/IOM KOHEYHLIX PAIHOCTCH MO3BOMSIOT MOAYMHTb PCIYALTATHI, KOTOPbLIE JYYLIE COMICYIOTCR €
IKCHCPHMEHTAMLHLIMH JaHHLIMH B 06NACTH, Nexalcit 3a NpeacIaMK IOCKOCTH ILTAMCHH.



